Let Q denote the field of algebraic numbers in C. A discrete group G is said to have the σ-multiplier algebraic eigenvalue property, if for every matrix A ∈ M d (Q(G, σ)), regarded as an operator on l 2 (G) d , the eigenvalues of A are algebraic numbers, where σ ∈ Z 2 (G, U(Q)) is an algebraic multiplier, and U(Q) denotes the unitary elements of Q. Such operators include the Harper operator and the discrete magnetic Laplacian that occur in solid state physics. We prove that any finitely generated amenable, free or surface group has this property for any algebraic multiplier σ. In the special case when σ is rational (σ n =1 for some positive integer n) this property holds for a larger class of groups K containing free groups and amenable groups, and closed under taking directed unions and extensions with amenable quotients. Included in the paper are proofs of other spectral properties of such operators.
Introduction
This paper is concerned with number theoretic properties of eigenvalues of self adjoint matrix operators that are associated with weight functions on a graph equipped with a free action of a discrete group. These operators form generalizations of the Harper operator and the discrete magnetic Laplacian (DML) on such graphs, as defined by Sunada in [20] .
The Harper operator and DML over the Cayley graph of Z 2 arise as the Hamiltonian in discrete models of the behaviour of free electrons in the presence of a magnetic field, where the strength of the magnetic field is encoded in the weight function. When the weight function is trivial, the Harper operator and the DML reduce to the Random Walk operator and the discrete Laplacian respectively. The DML is in particular the Hamiltonian in a discrete model of the integer quantum Hall effect (see for example [2] ); when the graph is the Cayley graph of a cocompact Fuchsian group, the DML becomes the Hamiltonian in a discrete model of the fractional quantum Hall effect ( [4] , [5] and [15] ). It has also been studied in the context of noncommutative Bloch theory ( [14] , [19] .)
The Harper operator and DML can be thought of as particular examples of weighted sums of twisted right translations by elements of the group; alternatively, they can be regarded as matrices over the group algebra twisted by a 2-cocycle, acting by (twisted) left multiplication. As such, in section 6 we generalize results of [7] to demonstrate that such operators associated with algebraic weight functions have only algebraic eigenvalues whenever the group is in a class of groups containing all free groups, finitely generated amenable groups and fundamental groups of closed Riemann surfaces.
When the multiplier associated to the weight function is rational, the algebraicity of eigenvalues extends to groups in a larger class K, defined in section 8. The class K contains all free groups, discrete amenable groups, and groups in the Linnell class C; in particular it includes cocompact Fuchsian groups and many other non-amenable groups. The algebraic eigenvalue properties derived in this paper can be summarized in the following theorem. Theorem 1.1 (Corollary 4.5, Theorems 6.2, 6.3, 6.4). Let σ be an algebraic multiplier for the discrete group G, and let A ∈ M d (Q(G, σ)) be an operator acting on l 2 (G) d by left multiplication twisted by σ, where Q denotes the field of algebraic numbers. Alternatively, consider A to be a finite sum of magnetic translation operators g∈G w g R σ g , where w g ∈ M d (Q). Then A has only algebraic eigenvalues whenever (1) G is finitely generated amenable, free or a surface group, or (2) σ is rational (σ n =1 for some positive integer n) and G ∈ K, where K is a class of groups containing free groups and amenable groups, and is closed under taking directed unions and extensions with amenable quotients.
The case when σ is a rational multiplier is established by relating the spectrum of these operators to the spectrum of untwisted operators on a finite covering graph. The property follows from the class K having the (untwisted) algebraic eigenvalue property (established in section 6, following [7] ), and from the fact that K is closed under taking extensions with cyclic kernel, as demonstrated in section 8. We show in section 4 that these operators with rational weight function have no eigenvalues that are Liouville transcendental whenever the group is residually finite or more generally in a certain large class of groupsĜ containing K. We also show that there is an upper bound for the number of eigenvalues whenever the group satisfies the Atiyah conjecture.
However, the case when σ is an algebraic multiplier is established in a significantly different manner: in addition to an approximation argument that parallels that of [7] , one also has to use new arguments that rely upon the geometry of closed Riemann surfaces.
We also wish to highlight the remarkable computation of Grigorchuk andŻuk [11] , that is recalled in Theorem 5.5. The computation explicitly lists the dense set of eigenvalues of the Random Walk operator on the Cayley graph of the lamplighter group -all of these eigenalues are algebraic numbers, as predicted by results in this paper and in [16] , since the lamplighter group is an amenable group. Section 7 establishes an equality between the von Neumann spectral density function of A ∈ M d (C(G, σ)) for arbitrary multiplier σ, and the integrated density of states of A with respect to a generalized Fölner exhaustion of G, whenever G is a finitely generated amenable group, or a surface group.
Magnetic translations and the twisted group algebra
The Harper operator is an example of an operator that can be described as a sum of magnetic right translations. In this section we will offer a brief description of the magnetic translation operators, and observe that finite weighted sums of these magnetic translations are unitarily equivalent to left multiplication by matrices over a twisted group algebra.
Let G be a discrete group and σ be a multiplier, that is σ ∈ Z 2 (Γ; U (1)) is a normalized U (1)-valued cocycle, which is a map from Γ × Γ to U (1) satisfying
The right magnetic translations are then defined by
. Obviously, if σ is a multiplier, so is σ. The right magnetic translations commute with left magnetic translations L σ g as follows from (1):
where A(g) is a d × d complex matrix for each g, and S is a finite subset of G. The selfadjointness condition is equivalent to demanding that the weights A(g) satisfy A(g) * = A(g −1 )σ(g, g −1 ). By virtue of (3), these operators belong to a von Neumann algebra, the commutant of the left magnetic translations, with finite trace τ given by τ (A) = tr C A(1).
These operators include as a special case the Harper operator and the DML on the Cayley graph of G, where S is the generating set and A(g) is identically 1 for g in S. For the Harper operator of Sunada [20] on a graph with finite fundamental domain under the free action of the group G, one can construct an operator of the form (4) which is unitarily equivalent to the Harper operator, after identifying scalar valued functions on the graph with C n -valued functions on the group, where n is the size of the fundamental domain.
Note that the operators of the form (4) are given explicitely by the formula
For a given multiplier σ taking values in K ∩ U (1) for some subfield K of the complex numbers, one can also construct the twisted group algebra K(G, σ) and examine d × d matrices B σ ∈ M d (K(G, σ)) acting on l 2 (G) d . Elements of K(G, σ) are finite sums a g g, a g ∈ K with multiplication given by
The action of B σ on a C d -valued function f is then given by this multiplication,
where B(g) denotes the d × d matrix over K whose elements are the coefficients of g in the elements of B. A straightforward computation shows that
The left and right twisted translations are unitarily equivalent via the map U σ ,
As such, operators of the form (4) and (5) will be unitarily equivalent if the coefficient matrices satisfy A(g) = B(g) for all g ∈ G. Hereafter we will therefore concentrate on the latter picture, noting that the results apply equally well to the case of operators described as weighted sums of right magnetic translations.
Algebraic eigenvalue property
The algebraic eigenvalue property for groups was introduced in [7] . We recall the definition here, and present a class of groups K for which the algebraic eigenvalue property holds. We then define a similar property describing the eigenvalues for matrix operators over the twisted group ring, as described in section 2, termed the σ-multiplier algebraic eigenvalue property.
Thus recall the following definition from [7] , where Q denotes the set of complex algebraic numbers. The trivial group has the algebraic eigenvalue property, since the eigenvalues are the zeros of the characteristic polynomial. The same is true for every finite group. More generally, if G contains a subgroup H of finite index, and H has the algebraic eigenvalue property, then the same is true for G. And if G has the algebraic eigenvalue property and H is a subgroup of G, then H also has the algebraic eigenvalue property.
In section 4 of [7] it was shown that the algebraic eigenvalue property holds for all amenable groups and for all groups in Linnell's class C, which is the smallest class of groups containing all free groups and which is closed under extensions with elementary amenable quotient and under directed unions. This motivates the definition of the class K, a larger class which contains these groups, for which the algebraic eigenvalue property can be shown to hold. Recall that the class of elementary amenable groups is the smallest class of groups containing all cyclic and all finite groups and which is closed under taking group extensions and directed unions. As such then K is a strictly larger class of groups than C, as it contains amenable groups which are not elementary amenable, such as the example presented by Grigorchuk in [10] .
Remark 3.4. Every subgroup of infinite index in a surface group Γ is a free group. Here Γ is the fundamental group of a compact Riemann surface of genus g > 1. This follows from the fact that such groups are fundamental groups of an infinite cover of the base surface and from the general fact that the fundamental group of a noncompact surface is free (see [1] Chapter 1, §7.44 and §8.) Since we have the exact sequence
where F is a free group by the argument above and the free Abelian group Z 2g is an elementary amenable group, we deduce that the surface group Γ belongs to the class C, and hence also to the class K.
Remark 3.5. Let Γ be a cocompact Fuchsian group, namely Γ is a discrete subgroup of SL(2, R) such that the quotient space Γ\SL(2, R) is compact. Then there is a torsionfree subgroup G of Γ of finite index such that G is the fundamental group of a compact Riemann surface of genus greater than one. By Remark 3.4 above, G is in K, and since Γ/G is a finite group, it is amenable. Therefore Γ is also in K.
Theorem 3.6. Every group in K has the algebraic eigenvalue property.
The proof of this theorem closely follows the argument in [7] for C, and we leave the details to section 8.
Remark 3.7. Results of [7] were formulated for operators of the form
acting on l 2 (G) n where S ⊂ G is a finite subset, A(g) is an n × n complex matrix and L g denotes the untwisted left translation on l 2 (G). Since x → x −1 induces a unitary transformation on l 2 (G) that conjugates the right translation R g with L g , we see that (6) is unitarily equivalent to
It follows that all results of [7] concerning spectral properties of operators (6) apply to operators of the form (7) equally well.
Suppose now we have an operator A ∈ M d (Q(G, σ)) acting on l 2 (G) d by left twisted multiplication, as described in section 2, where Q(G, σ) is the twisted group algebra over the algebraic numbers Q with multiplier σ. For a fixed σ, one can ask if any such A can have transcendental eigenvalues. Definition 3.8. A discrete group G is said to have the σ-multiplier algebraic eigenvalue property, if for every matrix A ∈ M d (Q(G, σ)), regarded as an operator on l 2 (G) d , the eigenvalues of A are algebraic numbers, where σ ∈ Z 2 (G, U(Q)) is an algebraic multiplier, and U(Q) denotes the unitary elements of the field of algebraic numbers.
In the following sections 4 and 5 we investigate the situation when σ is rational, that is, when σ n = 1 for some n. In particular it is shown that every group in K has the σ-multiplier algebraic eigenvalue property when σ is rational.
The case of more general algebraic multipliers is discussed in section 6.
Spectral properties with rational σ
Suppose the weight function σ is rational with σ r = 1, and let G σ be the extension of G by Z r as follows,
regarding Z r as a (multiplicative) subgroup of U (1). One can then relate the spectrum of an operator A σ ∈ M d (K(G, σ)) acting on l 2 (G) d as in (5) to that of an associated operatorÃ on
for the matrix of coefficients of the group element (z, g), defineÃ by
Consider the map ξ :
for all (z, h) ∈ G σ , and thus
From the identity (11) we obtain the following spectral inclusion results.
) be a self-adjoint operator on l 2 (G) d as in (5), and suppose σ is rational. LetÃ : l 2 (G σ ) d → l 2 (G σ ) d be the associated G σ -equivariant operator as described above. Then
Proof. Let λ ∈ R \ specÃ, so thatÃ − λ is invertible. From (11) , and noting thatÃ maps im ξ to im ξ, one has
The following is an easy corollary.
Corollary 4.2. LetÃ and A σ be as described in proposition 4.1. Then any interval (a, b) that is a gap in the spectrum ofÃ is also contained in a gap of the spectrum of A σ .
Proposition 4.3. LetÃ and A σ be as described in proposition 4.1. Then
Proof. Let λ be an eigenvalue of A σ , that is, an element of spec point A σ . Then there exists some f ∈ l 2 (G) such that A σ f = λf. Therefore from (11),Ã ξf = ξA σ f = λξf, and so λ is an eigenvaue ofÃ.
In section 8 we prove the following result concerning the class of groups K introduced in section 3. Therefore, by Theorem 3.6, the groups in this class all have the σ-multiplier algebraic eigenvalue property for rational σ.
Corollary 4.5 (Absence of eigenvalues that are transcendental numbers). Any self-adjoint A σ ∈ M d (Q(G, σ)) has only eigenvalues that are algebraic numbers, whenever G ∈ K and σ is a rational multiplier on G.
Proof. Let G σ be the central extension of the group G in the class K, where G σ is defined in (8) , and letÃ be the operator on l 2 (G σ ) d associated with A σ as defined in (9) . By Proposition 4.4, any central extension of G by a cyclic group Z r is also in the class K, therefore the group G σ where σ is in K. By Theorem 3.6, we know that every group G in the class K has the algebraic eigenvalue property and soÃ has only algebraic eigenvalues. A σ therefore has only algebraic eigenvalues by Proposition 4.3.
Recall the definition of the following class of groups from [7] . Definition 4.6. Let G be the smallest class of groups which contains the trivial group and is closed under the following processes:
(1) If H ∈ G and G is a generalized amenable extension of H, then G ∈ G.
(2) If H ∈ G and U < H, then U ∈ G.
(3) If G = lim i∈I G i is the direct or inverse limit of a directed system of groups G i ∈ G, then G ∈ G.
We have the inclusion C ⊂ K ⊂ G, and in particular the class G contains all amenable groups, free groups, residually finite groups, and residually amenable groups. Consider the subclass of groupsĜ defined aŝ
By the results of section 8, we have the inclusion C ⊂ K ⊂Ĝ ⊂ G. Proof. Let G σ be the central extension of the group G in the classĜ, where G σ is defined in (8) , and letÃ be the operator on l 2 (G σ ) associated with A σ as defined in (9) . Sincê G is closed under extensions by finite cyclic groups, the group G σ where σ is a rational weight function is in the classĜ. By Theorem 4.15 in [7] ,Ã does not have any eigenvalues that are Liouville transcendental numbers. A σ therefore does not have any eigenvalues that are Liouville transcendental numbers, by Proposition 4.3.
On the finiteness of the number of distinct eigenvalues
We deal here with the following situation: G is a discrete group and A ∈ M d (QG). Then A induces a bounded linear operator A : l 2 (G) d → l 2 (G) d by left convolution (using the canonical left G-action on l 2 (G)), which commutes with the right G-action.
Let pr ker A : l 2 (G) d → l 2 (G) d denote the orthogonal projection onto ker A. Recall that the von Neumann dimension of ker A is defined as
where e i ∈ l 2 (G) d is the vector with the trivial element of G ⊂ l 2 (G) at the i th -position and zeros elsewhere.
Let G be a discrete group. Let fin(G) denote the additive subgroup of Q generated by the inverses of the orders of the finite subgroups of G. Note that fin(G) = Z if and only if G is torsion free. Recall the following definition.
Definition 5.1. A discrete group G such that the orders of the finite subgroups of G are bounded, is said to fulfill the strong Atiyah conjecture if
where ker A is the kernel of the induced map A :
Linnell proved the strong Atiyah conjecture if G is such that the orders of the finite subgroups of G are bounded and G ∈ C, where C is Linnell's class of groups that is defined just below Definition 3.1.
Theorem 5.2 ([12] ). If G ∈ C is such that the orders of the finite subgroups of G are bounded, then the strong Atiyah conjecture is true.
In [7] , Linnell's results were generalized to a larger class D of groups, but these groups are all torsion-free and so do not apply in our situation here.
The following is an easy corollary. (Q(G, σ) ) has only a finite number of distinct eigenvalues whenever G ∈ C is such that the orders of the finite subgroups of G are bounded, and σ is a rational multiplier on G.
Proof. Let G σ be the central extension of the group G in C, where G σ is defined in (8) , and letÃ be the operator on l 2 (G σ ) associated with A σ as defined in (9) . By Remark 8.5, the group G σ as defined in (8) is also in C, and soÃ has only a finite number of distinct eigenvalues, by Theorem 5.2. A σ therefore has only a finite number of distinct eigenvalues by Proposition 4.3.
Remark 5.4. There are examples of algebraic multipliers σ and operators A σ on Z 2 , whose spectrum contains infinitely many distinct eigenvalues, see [3] .
Let H denote the lamplighter group, namely H is the wreath product of Z 2 and Z. Then there is the following remarkable computation of Grigorchuk andŻuk, Theorem 2 and Corollary 3, [11] . The L 2 -dimension of the corresponding eigenspaces is
Note that the number of distinct eigenvalues of A is infinite and dense in some interval! However, the orders of the torsion subgroups of H is unbounded so that Corollary 5.3 is not contradicted. The eigenvalues of A are algebraic numbers as predicted by our Theorem 2.5 in [16] . This can be seen as follows: since (cos(p/qπ) + i sin(p/qπ)) q = (−1) p , this shows that cos(p/qπ) + i sin(p/qπ) is an algebraic number. Therefore the real part, cos(p/qπ), is also an algebraic number.
The case of algebraic multipliers
The goal in this section is to extend the results that were obtained in the previous sections, from rational multipliers to the more general case of algebraic multipliers. Recall that a generic algebraic multiplier is not necessarily a rational multiplier. We start with an example of algebraic numbers on the unit circle that are not roots of unity. Consider the roots of the polynomial,
with k a positive integer. This polynomial is irreducible over Z if 4k + 1 is not a square.
We look for k such that the first factor has two distinct real roots while the second one has two complex conjugate roots. Thus we seek k so that
It is easily seen that the only values of k satisfying these conditions are k = 3, 4, 5. For each of these choices, two of the roots, denoted by e iθ and e −iθ , lie on the unit circle and are roots of the second factor in (16) . The two other roots are real, denoted by r and r −1 , where r < 1. The numbers e iθ , e −iθ , r and r −1 are algebraic integers, which are all conjugate to each other. Therefore e iθ is not a root of unity since otherwise all its conjugates would also be roots of unity. However, the numbers e iθ , e −iθ , r and r −1 are units in the corresponding ring of algebraic integers. Since e iθ is not a root of unity, its powers are dense in the unit circle whereas the positive powers of r tend to 0. For fixed α 1 , α 2 ∈ R such that θ = α 2 − α 1 , and for all (m, n) ∈ Z 2 , let
Then σ is an algebraic multiplier on Z 2 whose cohomology class [σ] ∈ H 2 (Z 2 , U (1)) ∼ = U (1) is equal to e iθ , so that σ is not a rational multiplier. It is well known that σ determines the noncommutative torus A θ cf. [3] .
The trivial group has the σ-multiplier algebraic eigenvalue property for any σ, since the eigenvalues are the zeros of the characteristic polynomial. The same is true for every finite group. If G has the σ-multiplier algebraic eigenvalue property and H is a subgroup of G, then H also has the σ-multiplier algebraic eigenvalue property. Lemma 6.1. Let σ and σ ′ be cohomologous multipliers in Z 2 (G, U(K)) for some subfield K of C. Then for every A in M d (K(G, σ)) acting on l 2 (G) d there is an A ′ in M d (K(G, σ ′ )) such that A and A ′ are unitarily equivalent.
In particular, if G has the σ-multiplier algebraic eigenvalue property, then G has the σ ′ -multiplier algebraic eigenvalue property, where σ ′ is any muliplier that is cohomologous to σ ′ .
Proof. If σ and σ ′ are cohomologous, there exists a map s : G → U(K) such that
for all x, y ∈ G. Writing A(g) for the d × d matrix over C whose elements are the coefficients of g in the elements of A, one has
Let S be the unitary operator on l 2 (G) d given by multiplication by s: Sf (g) = s(g)f (g). Then letting A ′ (g) = s(g)A(g) one has
That is, A and A ′ are unitarily equivalent. Theorem 6.2. Every free group has the σ-multipler algebaric eigenvalue property for every σ.
Proof. Let G be a free group. Then every multiplier on G is cohomologous to the identity. By Lemma 6.1, given an algebraic multiplier σ, any operator A ∈ M d (Q(G, σ)) is then unitarily equivalent to an operator A ′ ∈ M d (QG). As G is free, it has the algebraic eigenvalue property by Theorem 4.5 of [7] . A ′ and thus A therefore have only algebraic eigenvalues, and so G has the σ-multiplier algebraic eigenvalue property for every algebraic multiplier σ. Theorem 6.3. Suppose that we have a short exact sequence of groups
where the quotient group G/H is a finitely generated amenable group. Let σ ′ be an algebraic multiplier on G/H, and let σ = p * σ ′ be the pullback of σ ′ . Then if H has the algebraic eigenvalue property, G has the σ-multiplier algebraic eigenvalue property.
Proof. Let A ∈ M d (Q(G, σ) ) where σ is an algebraic multiplier for G and is the pullback p * σ ′ of an algebraic multiplier σ ′ on G/H. A has a finite number of elements, and each element has finite support over G. If V is the finite union of these supports, noting that G/H is finitely generated, one can choose a finite symmetric generating set S (possibly including the identity) for G/H containing p(V ). As G/H is amenable, there exists a Følner exhaustion by finite subsets X m of G/H, m ∈ N, that is such that (19) lim
where N m = #X m . Let A (m) be the restriction of A to the subspace of l 2 -functions supported on p −1 (X m ). Writing P m for the orthogonal projection of
We will show that A has only algebraic eigenvalues by firstly demonstrating that the point spectrum of A is a subset of the union of point spectra of the A (m) , and then showing that each A (m) is equivalent to the untwisted action of a matrix in M (dN m × dN m , QH) and as such must have a point spectrum consisting only of algebraic numbers.
The operator A belongs to the von Neumann algebra B(l 2 (G) d ) G,σ , the commutant of the right magnetic translations R σ g . The trace on B(l 2 (G) d ) G,σ is given by
Be i , e i where as before e i ∈ l 2 (G) d is the vector whose i th component is the identity element of G ⊂ l 2 (G) and whose other components are zero. By weak equivariance, e i in the above equation can be replaced by any g-translate without changing the value of the trace. Picking a right inverse s of p, elements f of l 2 (p −1 (X m )) d can be put into one-to-one correspondence with elementsf of l 2 (H) Nm,d byf (h) r = f (s(x r )h) for x r ∈ X m . Let tr ker P o m ∩ im P λ ⊆ ker P m . Choose a right inverse linear map R of P m | im P λ . Then (21) implies that P o m is one-to-one on im R, and thus that P o m R is a one-to-one map from im P m P λ into im P o m . Take k to be a non-negative integer such that X o m ⊆ X m+k . Then
and thus
By (19) , tr G,σ P λ = 0, demonstrating that λ is not in the point spectrum of A whenever λ is not an eigenvalue of any of the A (m) .
Fixing m, for f ∈ l 2 (p −1 (X m )) d , letf be the corresponding element in l 2 (H) Nm,d defined byf (h) r = f (s(x r )h), as before. Then
u , x u ) for q ∈ H and r, u = 1 . . . N m . As H has the algebraic eigenvalue property, B and hence A (m) have only algebraic eigenvalues. Consequently, A has only algebraic eigenvalues.
One of the main theorems in this section is the following. Theorem 6.4. Let Γ be the fundamental group of a closed Riemann surface of genus g > 1. Then Γ has the σ-multiplier algebraic eigenvalue property, where σ is any algebraic multiplier on Γ.
We want to use Theorem 6.3 using the exact sequence of Remark (3.4). To do this, it is necessary to prove that every algebraic multiplier σ on Γ is cohomologous to the pull-back of an algebraic multiplier σ ′ on Z 2g . The construction of σ ′ was used in [4, Section 7.2]. We follow it closely paying particular attention to algebraicity.
Recall that the area cocycle c of the fundamental group of a compact Riemann surface, Γ = Γ g is a canonically defined 2-cocycle on Γ that is defined as follows. Firstly, recall the definition of a well known area 2-cocycle on PSL(2, R). PSL(2, R) acts on H so that H ∼ = PSL(2, R)/SO (2) . Then
where o denotes an origin in H and Area H (∆(a, b, c) ) is the oriented hyperbolic area of the geodesic triangle in H with vertices at a, b, c ∈ H. The restriction of c to the subgroup Γ is the area cocycle c of Γ. We use the additive notation when discussing area cocycles and remark that (2π) −1 c represents an integral class in H 2 (Γ, R) ∼ = R as follows from Gauss-Bonnet theorem.
Let Ω j denote the (diagonal) operator on l 2 (Γ) defined by
and where
is a collection of harmonic 1-forms on the compact Riemann surface Σ g = H/Γ, generating H 1 (Σ g , R) = R 2g . We abuse the notation slightly and do not distinguish between a form on Σ g and its pullback to the hyperbolic plane as well as between an element of Γ and a loop in Σ g representing it.
Notice that we can write equivalently
where the group cocycles c j form a symplectic basis for H 1 (Γ, Z) = Z 2g , with generators {α j } j=1,...,2g , as in (22) and can be defined as the integration on loops on Σ g ,
Let Ξ : H → R 2g denote the Abel-Jacobi map chosen an origin o once and for all we make an identification Γ · o ∼ = Γ. The map Ξ is a symplectic map, that is, if ω and ω J are the respective symplectic 2-forms, then one has Ξ * (ω J ) = kω for a suitable constant k. Henceforth, we renormalize ω (and consequently the area cocycle c) so that Ξ * (ω J ) = ω One then has the following geometric lemma [4] , [15] . Lemma 6.5.
where ∆ E (γ 1 , γ 2 ) denotes the Euclidean triangle with vertices at Ξ(o), Ξ(γ 1 ·o) and Ξ(γ 1 γ 2 · o), and ω J denotes the flat Kähler 2-form on the universal cover of the Jacobi variety. That is, g j=1 Ψ j (γ 1 , γ 2 ) is equal to the Euclidean area of the Euclidean triangle ∆ E (γ 1 , γ 2 ).
That is, the cocycle Ψ = p * (Ψ ′ ), where Ψ ′ is a 2-cocycle on Z 2g and p is defined as the projection.
The following lemma is also implicit in [4] , [15] . Proof. Observe that since ω = Ξ * ω J , one has
Therefore the difference
where Θ J is a 1-form on the universal cover R 2g of the Jacobi variety such that dΘ J = ω J .
Let h(γ) = Ξ(ℓ(γ)) Θ J − m(γ) Θ J , where ℓ(γ) denotes the unique geodesic in H joining o and γ · o and m(γ) is the straight line in the Jacobi variety joining the points Ξ(o) and Ξ(γ · o). Since we can also write h(γ)
Therefore one has
Lemma 6.7. Let Γ be the fundamental group of a closed, genus g Riemann surface and
where F is a free group and Z 2g the free Abelian group as in Remark 3.4. Then every multiplier σ on Γ is cohomologous to a multiplier σ ′ = p * (σ ′′ ) on Γ where σ ′′ is a multiplier on Z 2g . In particular, every algebraic multiplier σ on Γ is cohomologous to an algebraic multiplier σ ′ = p * (σ ′′ ) on Γ where σ ′′ is an algebraic multiplier on Z 2g .
Proof. Observe that Ξ(Γ · o) ⊂ Z 2g ⊂ R 2g . It follows that the Euclidean area cocycle and its pullback represent integral cohomology classes. By the lemma above, the cohomology class of c is integral. Now let σ be an arbitrary multiplier on Γ. Since H 2 (Γ, A) = A for every abelian group A and H 3 (Γ, Z) = 0, we see that σ is cohomologous to a multiplier σ 1 = exp(2πiθc), where θ is a real number. By Lemma 6.6 we see that σ 1 is cohomologous to p * (σ ′′ ), where σ ′′ = exp(2πiθΨ ′ ) is a multiplier on Z 2g .
Proof of Theorem 6.4. Recall that if two multipliers σ, σ ′ on Γ are cohomologous, then Γ has the σ-multiplier algebraic eigenvalue property if and only if Γ has the σ ′ -multiplier algebraic eigenvalue property (Lemma 6.1.) Since the free group F has the algebraic eigenvalue property, and since Z 2g is a finitely generated amenable group, by applying Theorem 6.3 and Lemma 6.7, we deduce Theorem 6.4.
Generalized integrated density of states and spectral gaps
In this section, we will realize the von Neumann trace on the group von Neumann algebra of a surface group, as a generalized integrated density of states, which is an important step to relating it directly to the physics of the quantum Hall effect.
Our first main theorem is the following. 
where the quotient group G/H is a finitely generated amenable group. Let σ ′ be a multiplier on G/H, and let σ = p * σ ′ be the pullback of σ ′ . Let A ∈ M d (C(G, σ) ) be a self-adjoint operator acting on l 2 (G) d . In the notation of Theorem 6.3, there are approximations A (m) to A corresponding to the Følner exaustion of G/H obtained by restricting A to the space l 2 (p −1 (X m )) d . Denote by F m the normalized spectral density function of A (m) ,
where N m = #X m and by F the normalized spectral density function of A,
Then one has the equality between the generalized integrated density of states and the von Neumann spectral density function,
The proof of this theorem for the discrete magnetic Laplacian was given in [16] and [17] . It is based on general principles such as the finite propagation speed and the properties of the Følner exhaustion of G/H. An analogous proof can be given in the present situation and we do not repeat it.
The following is an immediate consequence of Theorem 6.7 and Theorem 7.1. 
The class K and extensions with cyclic kernel
In this section we prove the results cited in the earlier sections concerning the class of groups K. Namely we show that the class K is closed under taking extensions with cyclic kernel, and that every group in K has the algebraic eigenvalue property.
Recall that the class K is the smallest class of groups which contains the free groups and the amenable groups, and is closed under directed unions and under taking extensions with amenable quotients. It can be seen that every group in K must belong to some K α defined inductively as follows.
Definition 8.1. Define the nested classes K α , α an ordinal, by
• K 0 consists of all free groups and all discrete amenable groups,
• K α+1 consists of all extensions of groups in K α with amenable quotient, and all directed unions of groups in K α , • K β = α<β K α when β is a limit ordinal. A group is in K if and only if it is in a class K α for some ordinal α.
Recall Theorem 3.6:
Theorem. Every group in K has the algebraic eigenvalue property.
The proof follows closely that of Corollary 4.8 of [7] , and relies upon the same key theorem:
Theorem (4.7 of [7] ). Let H have the algebraic eigenvalue property. Let G be a generalized amenable extension of H. Then G has the algebraic eigenvalue property.
The proof then proceeds by transfinite induction.
Proof of Theorem 3.6. The algebraic eigenvalue property holds for groups in K 0 by Corollary 4.8 in [7] .
Proceeding by transfinite induction, suppose K α has the algebraic eigenvalue property for all α less than some given ordinal β.
When β = α + 1 for some ordinal α, a group G is in K β if it is an extension of a group in K α with amenable quotient, or is the directed union of groups G i ∈ K α .
Note that A ∈ M d (QG) can be regarded as a matrix A ′ in M d (QH) where H is a finitely generated subgroup of G, generated by the finite support of the A i,j in G. By Proposition 3.1 of [18] , the spectral density functions of A and A ′ coincide. As subgroups of a group with the algebraic eigenvalue property also have the property, it follows that a group has the algebraic eigenvalue property if and only if it holds for all of its finitely generated subgroups. If G ∈ K α+1 is the directed union of groups G i ∈ K α , it follows that every finitely generated subgroup of G is in some G i and so has the algebraic eigenvalue property. G therefore has the algebraic eigenvalue property.
Suppose that G is the extension of a group H in K α with amenable quotient R = G/H, i.e. H → G p → R, then R = j∈J R j is a directed union, where R j , j ∈ J are finitely generated and amenable (since amenability is subgroup closed). Consider the extensions G j = p −1 (R j ) of H, with finitely generated amenable quotient: then Theorem 4.12 of [7] applies to show that G j has the algebraic eigenvalue property.
But G = j∈J G j is the directed union of groups G j having the algebraic eigenvalue property, so G also has the algebraic eigenvalue property by the argument given in the previous paragraph.
Finally, let β be a limit ordinal, so that K β = α<β K α . If G is in K β , then it is in K α for some α < β, and so has the algebraic eigenvalue property by the induction hypothesis.
Therefore groups in K β have the algebraic eigenvalue property, and the result follows by induction.
